On a theorem of Rickards

Havard Damm-Johnsen'!

A recent result of Rickards states that the generating series of intersection
numbers of real quadratic geodesics on indefinite Shimura curves are elliptic
modular forms. We reinterpret this as a Kudla—Millson theta series, and prove
that Rickards’ generating series is the diagonal restriction of a Hilbert modular

form, analogous to results of Darmon—Pozzi—Vonk and Branchereau.
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1 Introduction

Let B be a non-split rational indefinite quaternion algebra of discriminant Dy,
and let O be an Eichler order of level N. Fix an isomorphism B ® R = GL,(R).
This identifies O := {x € @ : Nm(z) = 1} with a discrete subgroup of SLy(R),
giving rise to a compact Shimura curve X, := '\ h, where h denotes the

complex upper half plane.

Fix a pair of distinct algebra embeddings of real quadratic fields «; : F; — B,

j € {1,2}. These naturally give rise to geodesics C’aj in b, as explained in

Section 2.1. If o (UF]_ ) C O, then a segment of the geodesic C’aj naturally maps
onto a closed cycle in Xy, which we denote by Caj.

The arithmetic interest of real quadratic geodesics in the upper half plane was
recognized by Hecke in on his eponymous integral formula [Hecl7], and they
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feature prominently in the Shintani’s work on the theta correspondence [Shi75].
More recently, in the work of Darmon and Vonk on rigid meromorphic cocycles,
such geodesics play a key role, in some respects analogous to that of CM
points in CM theory. In their work, height pairings of CM points have a p-adic
counterpart in certain p-adic height pairings of such geodesics. These may be
thought of as a higher analogue of the oriented intersection product (—, —) X, 01
H,(Xy,Z), defined in terms of the cup product of the respective fundamental
classes, see [GH81, §31]. Let T, denote the n-th Hecke correspondence acting
on this homology group.?

In [Ric22], Rickards proved the following theorem:

Theorem 1.1 ([Ric22]): There exists a modular form R(T) = Z;’ozl a,(R)q"
in Sy(Iy(DgN)) with

a,(R) = (C,,, T,Co ) x,, (1.1)

a;r TnYoy
for all (n,N) = 1.

The idea behind Rickards’ proof is straightforward: the map T,, = (C, ,T,,C,,)
defines a linear functional on the Hecke algebra acting faithfully on H,(Xy, Z),
and by Jacquet—Langlands, this transfers to a modular form with the corre-
sponding Fourier coefficients. An interesting feature of Rickards’ work is that
the Hecke operators may in fact be defined directly on the set of optimal
embeddings, enabling explicit computation.

An analogous generating series on the modular curve Y;(p) is considered in
[DPV21], where the geodesic C‘al is replaced with a segment of the line between
0 and oo in h. They show (Theorem A) that the generating series is in fact the
restriction to the diagonal of a certain Hilbert Eisenstein series associated with
E,. Their argument is essentially an explicit computation of Fourier coefficients.
This was reinterpreted as a (regularized) Kudla—Millson theta lift in [Bra23a].
Our main result is that a similar statement holds for Rickards’ generating series.

Theorem 1.2: Assume that the discriminants D; of F; satisfy (Dy, Dy) =1,
and let F := Q(\/D1D2). Then there exists an explicit Hilbert modular form 9
over F' of parallel weight 1 such that R(1) = 9(7, 7).

We construct 9 explicitly, and consequently get an expression for the intersection
numbers in terms of its Fourier coefficients. A key result for this part of the

argument is the existence of an F-valued quadratic form on B, defined in terms

*More precisely, this is the Hecke action compatible with the usual action on cohomology
via Poincaré duality.



of the embeddings a; and «a,, and which satisfies Trpq ¢p(b) = Nm(b) for all
b € B. A little more work gives an isometry of F-quadratic spaces ¢; : B — L,
where L has the quadratic form ¢(z) := ¢z(1) - Nmy,p(b).

In the special case where gz(1) is totally positive, the formula for the Fourier
coefficients of R(7) reduces to the following:

Corollary 1.3: Let e; and €5 denote the fundamental totally positive units in

E, and F, respectively, and suppose qr(1) > 0. Then

1
<Ca17TnCa2> ) Z sgn NmF/Q TrL/F("L(b>)' (1.2)
beel\O /5
qr(b)>0
Trp/g ar(b)=n

We now briefly sketch the main ideas of the proof. By Lemma 2.8, the inter-
section number (C, ,T,C, ) equals (C, x C, ,C,) in Xy x Xo, where C, is
graph of the n-th Hecke correspondence. Viewing B as a rational quadratic
space with the norm form, the locally symmetric space of SOz may be identified
with Xy X X, and C,, agrees with the n-th special cycle, in the sense of Kudla
and Millson. The Kudla—Millson geometric theta kernel O, is a modular form
for SL, valued in the cohomology of X, X X, and is characterized by its g-

expansion

Ok (T Z PD(C (1.3)

where PD(C,,) denotes the Poincaré dual of C,,. The cap product with C, x G,

then gives Rickards’ generating series R.

To show that R is a diagonal restriction, an argument in Section 3.1 inspired by
Howard and Yang [HY12] gives the isometry of F-quadratic spaces ¢; between
B and L := F, ®q F, with a certain quadratic form. We reinterpret C, x C,,
as a torus in SOz whose image in SO, is identified with ReSQ SO;. Usmg thls7
a geometric theta lift from ResQ SO, to SLy(F') gives a Hilbert modular form
¥, whose diagonal restriction equals R by the following seesaw diagram:

SOy, Res(g SL,
Resg SO, SL,

This is a special case of the seesaw diagram in [Kud84, Equation (2.19)], to

which the reader is referred for further details.



In the recent paper [Bra25], Branchereau extends his aforementioned result to a
setting of general étale algebras. The proof of Theorem 1.2 essentially combines
ideas of that paper and [Bra23b], with a couple of new ideas:

o We use ideas of Howard and Yang [HY 12| from the CM case to get an explicit
description of the étale algebra corresponding to our geodesics in terms of
optimal embeddings, analogous to Rickards’ setup. This in turn gives the
Fourier coefficient expressions in Corollary 1.3.

e Our conceptual approach to Hecke correspondences in Section 2.2, particu-
larly Lemma 2.8, replaces the direct computation in [Bra23b, §5.8].

Theorem 1.2 is in some sense a generalization of Theorem A in [DPV21], which
is the case of the split quaternion algebra B = Mat,(Q) and the “degenerate
real quadratic field” F; = Q x Q. This case was worked out and generalized in
[Bra23a], albeit with a slightly different approach to the tori; cf. Remark 3.1(ii).

We hope that the theta lift perspective might shed light on possible generaliza-
tions of the other theorems in loc. cit. and their refinements in [DPV23]. In
fact, this perspective already inspired the proof of an extension of the results of
[DPV21] to ring class characters in [Dam24|, though the proof there is somewhat
ad-hoc.

Acknowledgements. It is a pleasure to thank Mike Daas, Luis Garcia, Alex
Horawa, James Newton and Jan Vonk for insightful discussions, as well as
Romain Branchereau for helpful email correspondence clarifying technical points
regarding his work. At different stages of writing this paper the author was
supported by an Aker scholarship and the Max Planck Institute for Mathematics

in Bonn.

2 Generating series of geodesics

In this section, we prove that the Kudla—Millson theta lift recovers Rickards’

Shimura curve generating series. We first introduce some conventions:

o For any number field F, Ay denotes the adele ring of F', and A% the finite
adeles. If F' = Q, we omit the subscript. Generally, co as a subscript means
“at oo”, while superscript co means “away from co”.

o If G is an algebraic group over F, we set [G] := G(F) \ G(A).

o Given a vector space V over F and an F-algebra R, we write V for V ® R.

o If k is a completion of F' or A, we denote by 8(V},) the space of Schwartz—
Bruhat functions on V.

e We fix the standard additive character ¢ : A — C whose component at oo
is ¥ (z) = e*™® and Y,(z) = e~ 2=} where {-} is the fractional part. By



construction, this factors through Q \ A. For any number field F', its precom-
position with the trace map is an additive character ¥, : F'\ Ap — C.
o If (V,q) is a quadratic space, then we denote by

(v, w)y = q(z +y) — q(z) — q(y) (2.4)

the associated bilinear form, so that (v,v)y, = 2¢(v).

2.1 Symmetric spaces

We first recall some background on symmetric spaces for orthogonal groups,
in the special case of the quadratic space B with the norm form Nm : B — Q.
For a general overview, see for example [Kud03, §1]. Note that (B,Nm) is an
anisotropic four-dimensional rational quadratic space with real signature (2,2).
Set G :=S0Op, and let H := GSping, which by definition fits into a short exact

sequence of algebraic groups,
1—G,, - H=GSping — SOz — 1. (2.1)
Explicitly, we may identify H(Q) with
B* Xy B = {(by,by) € B* x B* : Nm(b;) = Nm(b,)} (2.2)

with the map to SOpz(Q) coming from the action on B given by
(hy,hy) - b= hybhy!. Let D denote the real symmetric space of SO z(R), consist-
ing of oriented negative 2-dimensional subspaces of By. Under the identification
By = Mat,(R), the norm on B is identified with the determinant, and we fix
the base point

X, = {(;5 Y ) C Mat,y(R) : z,y € R} e D. (2.3)

Then SOg(R)/Stab(X,) is isomorphic to the connected component of X, in
D, denoted DT. The stabilizer of X, in H(R)" = GL, (R)* x4, GLy (R)" is
R0 Kp oo Where Ky :=SO(2) x SO(2), and so D" is naturally the symmetric
space of H. On the other hand, GSping (R)" acts naturally on h x h by Mobius
transformations in each variable, and the point (i,4) has stabilizer Ky . This
gives an identification Dt 22 h x . Explicitly, a plane z = hy X hy! € Dt is
mapped to (hqi, hyt).

Fix an Eichler order @ in B and a pair of algebra embeddings o, : F; — B and
oy F5 — B, where F} and E, are real quadratic fields with coprime discrimi-
nants. Then each a; is an optimal embedding of the order 0, := a;l (0) in F;.
This gives rise to a torus T' defined by

Fl FZ
T :=Resg G,,, XNy Resg’ G, (2.4)



More precisely, this is the algebraic group which has R-points
T(R) = {(t1,t) € (R®R)" x (K, ®R)" : Nm, (t;) = Nmy(ty)}, (2.5)

for any Q-algebra R. Here Nm; : F; ® R — R is the corresponding norm map,
which agrees with the usual norm on F; when R = Q. The torus T is the real
quadratic analogue of the torus 7" considered in [HY12], and there is a natural
embedding of T into H given by (t;,t5) = (a(t1), ay(ts)).

To find the symmetric space of T, denoted Dj, pick isomorphisms
7, F; ® R = R x R. We identify v; with the corresponding matrix in GL,(R),
and let v, := (v1,72). Then T(R) = v, Ta (R)v}, where

TaA(R) := {((xlayl)’ (2, 92)) € (R* x RX)2 Y = wzyz}- (2.6)

As a subgroup of GL4(R) x4 GLy(R), Ta(R) is the preimage of the
diagonal torus in GL4(R) x GLy(R), and its maximal compact subgroup is
Kr, o = {£1,£1}, where the signs are independent. It follows that

Dy 2By, = Ta(R)/(R* K, ) 2 (Rso)” (27)

We view D as a subspace of D by picking the base point 2z, = v, - X, noting
that Kp o, = ’YooKTA,oo’Y;ol stabilizes z.

Proposition 2.1: For j=1,2, let é%j be the geodesic in b connecting ’yj(O)
and 7y;(00). Then the image of Dy in b x b is C’al X C’az .

Proof: Fix ta = ((t;,t71), (ta,t31)) € Ta(R), and let t:=y trvs be the
corresponding element of T(R). Then t-z; =y, ta - Xy, which maps to
(71134, 75t3%) in h x b. Let I1y,) denote the geodesic in b from 0 to co. Varying t,
and ¢y in R™, the translate of Ity oy X Iyg oy under 7y is precisely C, x C,, .0

We now introduce level structures. Let @ := @ Q7 7, and set
Kip = (0 x0) N ((B®A®)* xy,, (B®A®)"). (2.8)

Then KjP is a compact open subgroup of H(A*), and by Eichler’s theorem,
H has class number 1. Evidently, the image of K7 in SO 5(A>) stabilizes the
lattice O C B ® A®. Tt follows that the locally symmetric space for H and SO B

is given by
Xy =Ty \D for Ty:=(HQNKy)NHR)"™. (2.9)
Via the isomorphism DT 2 b x b, it is easy to check that X = X5 x X5, where

X, = O\ b. Similarly, we let K2 be the preimage of @, x @, in T(A®), and
define



CIT := T(Q) \ T(A®)/K¥, (2.10)
as well as
CI*T:=T(Q)\T(A)/K$T(R)*, (2.11)
where T(R)* :=T(R)N (F,®R)" x ([, ®R)".

Lemma 2.2: There is an isomorphism

T(Q) \ T(A®) /K% — C1O, x C10,. (2.12)

Proof: The corresponding argument for imaginary quadratic fields given in
[HY 12, Prop. 2.14] applies with minor modifications. a

Let X :=T(Q)\T(A*) x D;/KZ be the corresponding locally symmetric
space. The group I'y := (K2 NT(Q)) NT(R)* acts discretely on Dy .. Explicitly,
it is generated by €; and &5, the totally positive fundamental units in 07 and
O5. There is a diffeomorphism X, 2| |T \ Dy, obtained by sending z in the
component of t* to (t*°, z) in T(A*°) € D;. The right-hand side is indexed by
CI* T, or equivalently Pic™ O; x Pict @,, by Lemma 2.2. The following lemma

shows that our original choice of optimal embeddings a; is not essential.

Corollary 2.3: The group C1T T acts transitively on the set of pairs of oriented
optimal embeddings F; x F, — B x B.

Proof: This follows from the corresponding statement about class groups, see
for example [Ric20, Theorem 4.5.4], wherein the precise definition of “oriented”
is also found. O

Since the inclusion X — X maps the connected component corresponding to

1 € CIf onto €% x €%\ C’al X C’QQ, we have shown:

Corollary 2.4: The inclusion X — Xy = Xy X Xy identifies the component
of 1 with the cycle C, x C, € Xy x Xg.

2.2 Special cycles and Hecke correspondences

The locally symmetric space Xy has a natural supply of 2-cycles known as
special cycles. 1t is well-known that these are embedded Shimura curves, see
for example [DY13]; in this section we show that they may be identified with

graphs of Hecke correspondences.

For « € B of positive norm, let



D, = {zeD*:zCzt} CDT, (2.1)
where 2z is the orthogonal complement in B(R) of the line spanned by .
Lemma 2.5: The image of D, in h X b is the set {(z7,7): T € h}.

Proof: A choice of orthogonal decomposition B = Qx @ z* identifies the stabi-
lizer H,, := Stabyg)(z) with GSpin,.. Explicitly, since 91795+ = x if and only
if g, = g, !, this is given by

Stab ) (z) = {(zgz™",9) : g € Bg} = H,(R) = GL,(R). (2.2)
Under this isomorphism, we identify D, with
Dy ={zCa':dimz=2andNm|, <0} (2.3)

by noting that the base point zX,, is in D,. Indeed, multiplying by z~* reduces
the problem to showing that 1 € X, which follows from a quick determinant
computation. Then the map Dy — D, is given by g-zX; = (zgz~ ', g) - 2 X,.
Furthermore, we identify D g, With b as above, sending 7 = g, - i € h to g, - zX,,.
The composite map

h—>Dyg - D, >D—=hxbh (2.4)

is given by
T g, 12X (29,07 g,) -2 Xo = (29,,9,) - Xo = (27,7),  (2.5)
which proves the claim. O
Letting I, denote the stabilizer of z in I'y;, we get a submanifold C, :=T, \ D,

of Xy. Define 0, :== O Nz 1Ox. Then the map D, — O\ h =: X, given by

(z7,T) = 7 induces an isomorphism C, = X .
x

Definition 2.6: Fix n € Q. and 9™ € §(B,~ ). We define a special cycle as

Co(0®) = Y ¢=(x)C,. (2.6)
zely\B
Nm(z)=n

Note that the a priori infinite sum is finite, so C,(¢>) defines a genuine 2-
cycle on Xy, which is a formal sum of embedded Shimura curves. Unfolding
definitions, we find:

Proposition 2.7: Let > =15, and let C, := C,(¢*°). Then the image of C,
in Xy X X is given by



C,= > C

n v (2.7)
zedm | O

where O™ ) O := {z € O* \ O/0" : Nm(z) = n}.

In particular, C, is empty when n = 0 since B is a division ring, and when n
is not an integer. Recall from [Zha0O1, §1.4] that the n-th Hecke correspondence

T,, is the sum over z € O™ J O of geometric correspondences
Xo
VN
Xo Xo

where « is the map induced by the inclusion 0, — O, and S comes from

multiplication by z. The graph of T, is defined to be
Tp = {(z1,2,) € Xp X X1 75 € Bla (zy))}, (2.8)

and the two projection maps p;,p, : Xy X Xy — X are covering maps with
finite fibres. From the explicit description of C, under the identification

Xp = Xo x Xo, we see that I, = C,, pointwise.

Lemma 2.8: Fiz geodesics C and C’ in Xo. Then
(CxcC',C,) =(C1T,C). (2.9)

Proof: Let Hjg(Xp) denote the de Rham cohomology ring of X,. We will
show that

/ (pia ApsB) A[C,] = / o AT, (2.10)
XoxXe X,

o

for all o, B € Hiz(Xp), where [C,] € Hz (X X Xy) denotes the Poincaré dual
of the fundamental class of C,,. Since the Hecke action on H,(X4) is compatible
with Poincaré duality, the result then follows by taking o = [C] and 8 = [C"]

in HjR(XO).
Let {w;} be a basis for Hiz(Xy), and let {;} denote the dual basis, satisfying
1 ifi=j,
/ Wi Ty = {O otherwise. (2.11)
XO

By [Tu23, Proposition 3],



anj = Zaijk where Ay =/ PIWy /\psz- (2-12>
k C,

It follows that
/ w; N T, 1) = a; = / (Piw; ApsT;) NG, (2.13)
X, Xpx X,

and Equation (2.10) now follows by writing a = > a,w; and f = Zj B;T;. 0O

2.3 The Kudla—Millson form

Let k be a local field, and let ¢ : kK — C* be an additive character. If (V,q)
is a quadratic space over k, then the Weil represention (or oscillator represen-
tation) for the pair (SLy(k), Oy (k)), has underlying space §(V') and satisfies the

formulas

w(h)p(v) = p(h™v) for h € Oy,

o(p §)e0) = vieaw)et) forock

w(S a01>g0(v) = |a|¥™V/2p(av) for a € kX,

We denote by the same symbol the oscillator representation over the adeles of

a number field.

The Kudla—Millson form @iy € S(Bg) ® Q%(Xy) is a rapidly decaying closed
differential form, first constructed in [KM90]. Branchereau [Bra23b] recently

gave a new construction of iy, using the Mathai-Quillen formalism.

Fix a Schwartz-Bruhat function ¢ € §(By~) which is invariant under the

induced action of Kz. Then we may form the Kudla—Millson theta series

Oxm (T, 9>) = ZW(QT)SOOO ® pru(v) € Q*(Xy), (2.2)
veB

where for 7 = x + iy we let

1z 30
. (0 1) (yo y§> € SL,(R), (2.3)

so that g, -7 = 7 € . This has the remarkable property that for any compact 2
-cycle C'in Xy,

/ O(m o) = 3 / 0, (¢°)q", (2.4)
C C

neQ,q

10



where ©,,(¢>°) is the Poincaré dual of the cycle C,(¢>).

Proposition 2.9: Let ¢*° :=14. Then

/ @KMTSO
C, . xC

&1 @2

(Co.,T,Cy, (2.5)
=1

n

and this is an elliptic modular form of level I,(N Dg).

Proof: The first part is immediate from the definition of ©y,; and Lemma 2.8.
To determine the level, it suffices to show that 1, is invariant under I;;(NDgp)
under the Weil representation. This computation proceeds exactly as in [Bra25,
Proposition 3.1], since the dual lattice of O with respect to the bilinear form
<b1,b2> - Tr(blbz) IS L)B+N . (9 D

This gives a new proof of the modularity of Richards’ generating series.

3 A real quadratic theta lift

Having dealt with one half of the seesaw diagram in Figure 1, we now turn to
the other.

3.1 An F-quadratic form on B

Recall that we fixed a pair of embeddings a; : F; — B, j € {1,2}. Consider the
involution € on L := F; ® F, which restricts to the Galois involutions on the

respective factors:

e(vDi®1)=—/D;®1 and £(1®/D,)=-1®+/D,. (3.1

The fixed algebra F = (F, ® F,)°~' fits into the following diagram of étale

algebras:

/l\
\l/

If F; and F, are linearly disjoint, i.e. if their discriminants are coprime, then
L = K F, and F is the third real quadratic field in this biquadratic extension of
Q. Note that the action (z ® y) - b = a; (z)bay(y) defines an L-module structure

on B, and in this way we view B as an F-module.

11



Remark 3.1: In the case where B = Mat,(Q), which is excluded by hypothesis,
we may also take F; = Q & Q, the “split” real quadratic field. If F = F, is a real
quadratic field and O is the standard Eichler order of level p, the natural analogue
of Theorem 1.2 is proved in [Bra23a/. This case is more complicated because the
theta integral is no longer absolutely convergent, and requires a regularisation

argument.

Proposition 3.2: The inner product (by,by) = 2Tr(blg) on B may be lifted

to a unique F-bilinear form (by,by)p satisfying

TrF/Q<b17b2>F = (by, by)- (3.2)

Proof: Existence and uniqueness can be proved abstractly using the bijectivity
of the trace map Trp/q : Homp(B, F) — Homg(B,Q) as in [Phil5, Lemma
3.1.5]. Tt is also straightforward to determine an explicit formula by writing
(by,by) » = u +vv/D and solving for u and v; if D = D, D, this gives

(o) = g {br,b) + o= (VD by by) 33)

O

Let g (b) = 5(b,b) p denote the associated F-quadratic form on B.

Proposition 3.3: There exists an isometry vy, : (B, qp) = (L, q,), where q, is
the quadratic form q,(z) = aNmp p(z) and a = qp(1).

Proof: First note that

(T b1,b9) p = (b1,€(2) - by) s (3.4)

for all x € L and by,b, € B. The argument in the proof of [Mil69, Lemma
1.1] implies that (—,—)p lifts to an L-hermitian form h on B such that
Trpph= (- —)r, or equivalently, h(b,b) =qr(b) for all b€ B. By the
classification of one-dimensional L-hermitian spaces, the vector space isomor-
phism L — B given by « — x -1 lifts to an isomorphism of hermitian spaces
(L, aze(y)) — (B, h) for some a € F*. By construction, a -1 = h(1,1) = gp(1).
(I

Corollary 3.4: For anye; € ON™=! and b € B, we have qg(a;(g;) - b) = qp(b).

Remark 3.5:

12



(i) Naively, one might hope that the form qp only depends on each embedding
a; up to equivalence of optimal embeddings, i.e. conjugation by elements
of OY. However, it is not hard to construct examples numerically showing
that this is false. On the other hand, « is invariant under simultaneous
conjugation of a; and .

(ii) Since v, (O) is a rank 4 lattice preserved by multiplication by O; ® Oy, it is
a fractional ideal.

(iii) One can give an alternative construction of qp in terms of the modular
cross ratio, see [Daa25, Proposition 4.4] for an argument in the imaginary

quadratic setting.

The isometry in Proposition 3.3 gives an isomorphism SOz, ) 5 SO(p,q,) Of

algebraic groups over F'. For convenience, we set .S := SOy . .

Proposition 3.6: The map n: (t;,ty) = t; @ ty1 determines a surjection of
groups T(Q) = S(F') with kernel Q*.

Proof: Tt is well-known that SO(L’NmL/F) >~ ={zeLl:z e(z) =1}, and
rescaling Nm; ,» by a does not alter the situation. It therefore suffices to show
that T(Q) fits into the short exact sequence

1-Q*—>T(Q) — L' —1. (3.5)
If ¢ = (t,,,) € T(Q), then

Nm(t,)

) - <tn(t)) = o

—1, (3.6)

so the map T(Q) — L' is well-defined, and has kernel equal to Q*. Surjectivity
follows from the argument in [Bra25, Proposition 2.2]. O

In fact, one can show that the sequence
12k =Tk - Sk®F)—1 (3.7)

is exact when k is either a characteristic 0 field, A or A®°. The proof is identical
to that of [HY12, Proposition 2.13].

Since 7 is the restriction of the natural map
GSping(Q) — SOp(Q) = SOL(Q), (3.8)

we obtain the following diagram of groups with exact rows:

13



1 — Q¥ — GSping(Q) —— SO, (Q) —— 1
| o, ]
1 — QX —— T(Q) —— S(F) —— 1

Let Xg:=S(F)\ (S(A¥) x DE/KZ°), where K& C S(AF) is the image of Kg°
under map induced by 7.

Lemma 3.7: We have an isomorphism X = Xg, and in particular

Xs= || Ts\Dg, (3.9)
heClHT
where T'g := n(Tp).
Proof: This is a straightforward consequence of Equation (3.7). O

3.2 The Kudla—Millson form restricted to S

The pair (S ;Respq SL2) forms a weakly dual reductive pair in the terminology
of [Kud84]. The oscillator representation on the space §(L ® p Ap) extends the
action of w under the embedding SLy(A) — SLy(Ag), so we denote it by the
same symbol. Similarly, the local representations on §(L ®  E,) for any place v
of F' will also be denoted by w, as before.

By functoriality proved in [Bra23a, §5], the Kudla-Millson form on
Dg is the pullback of that on D by the inclusion Dg — D. Writing
F:=F®yR=F, x F,, where 0,0" : F < R, we get a natural decomposition
L®yR =L, x L, of quadratic spaces over R. Here L, is the quadratic space

over F, =R with quadratic form ¢, (z) = o(a) Nm, ;g (z), of signature (1,1).

Let RY! denote the 2-dimensional quadratic space over R with quadratic form

q(z,y) := x - y, and notice that R* = SOg:1,: via

£ (é tol). (3.1)

Lemma 3.8: For each embedding o : F — R, the map
by (z,9) = (V]e()] - z,sgn(o(@) - V]o(a)] - y) (3:2)
defines an isometry L, — RLL.

The Kudla—Millson Schwartz form for R'! was computed explicitly in [Bra23b]:
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Lemma 3.9 ([Bra23b], §5): The Kudla-Millson Schwartz form oy on the

symmetric space of SOgi,1 is given by’

T —x((2)? 2) dt
P () = (; +yt) (e )? (3.3)

The symmetric space DY is isomorphic to R_, and so
Df >~Df x DY, 2R_; x R, (3.4)

where the last map is induced by ¢, X ¢,. Let ¢, be the coordinate on D}, and
dt,/t, the invariant differential. Note that SO = F* = R* via the isomor-

phism
t, 0O
(0 tal) = t,. (3.5)

If %y denotes the Kudla—Millson form on D, then it follows from functoriality

. 1,1
of Branchereau’s construction that ¢f, = tiepgy, hence!

oda.) = Vo @l (- + sgn<a<a>>yta)e‘”(“)(<i> o)l (3

[og [on

It is convenient to rewrite this in terms of oscillator representation on
S(L ®p F,); to this end, define the Schwartz function

Poo (.’IJ, y) = (.’IJ + y)e*ﬂ'(z2+y2), (37)
and set @, = 150 .

Lemma 3.10: The the restriction of iy to ]D“g s given by

dt,
t

o

) A (e @$E ). 38

O_/

PKM (:’EU’ 1’0./) = (w(ta)soa(‘ra)

Proof: By [Bra23b, Equation (5.10)], the restriction of iy to DY is given by the
wedge product of the corresponding forms ¢%,; and <pf'</M Now Equation (3.6)
implies that w(t,)e,(z,) = ¢, (t; 'z, t,y) when z, = (z,y). O

We now turn to the finite places. Recall that we defined orders

0; == a;'(0) C F;. Via the isomorphism L — B, the Eichler order O is naturally

3There is a sign error in the calculation in [Bra23b], so his form should strictly speaking be
(—-1)- wllg;{. A short computation with Howe operators shows that our convention coincides
with the Kudla—Millson form as constructed by Kudla and Millson. As we eventually take the
wedge product of two such forms, the difference in signs is unimportant here.

*Our formula is slightly more complicated than that in [Bra25, Equation (3.78)] since o
might not be totally positive — the results there should also be modified accordingly.
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identified with O; ® O, as a lattice. Since this is stable under multiplication
by O =0, ® O, N F, the characteristic function ¢ =1, € §(By~) can be
identified with a Schwartz—Bruhat function in §(L ® A¥).

Forr, =z, + iy, € hand 7 = (7,) we may define a Kudla—Millson theta

o:F—=R’
kernel over A by

O (1) = > w(g,) (™ ® prar) (v), (3.9)

veL

where g, € SLy(Ap) denotes the adelic matrix whose finite place components

are 1, and infinite components are (QTU) , with g, the matrix in Equa-
tion (2.3). Let i5 : SLy(A) < SLy(Ap) be natural embedding, and notice that

in(l,09,)=01,...,9,,9,)-

Corollary 3.11: We have

/

1

Orat(g,) = / O3 (7,7). (3.10)
xCy C, xCy

In the next section, we will show that the right-hand side of Equation (3.10) is

the diagonal restriction of a Hilbert modular form.

3.3 Fourier coefficients

We next show that the Kudla-Millson theta kernel ©F, gives rise to a Hilbert
modular form of parallel weight 1, and compute it’s Fourier coefficients explic-
itly. A good reference for Hilbert modular forms is [Gar90].

Proposition 3.12: For any class C € Hy(Xp,Z), the function
Io(r) = [ Oful) 3.1)
C

defines a Hilbert modular form of parallel weight 1.

Proof: Since J. is a Kudla-Millson theta lift over F', this follows from [KMO90,
Theorem 2(bis.)]. O

Taking C' = C, % C,,, Corollary 3.11 and Proposition 2.9 imply:

Corollary 3.13 (Theorem 1.2): For any T € b, we have

UES f&COtGC’a2 (LA(g'r>) = Z(Cal’TnCa2>qn' (32>

n=1

The Fourier series of 9 can be computed in a relatively straightforward manner:
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Proposition 3.14: We have

79(1') = E 2 Trlar(®)7) . ]qu(b)>>0 ’ C(b), (3-3)
beONO/0O}

where ¢(b) € {£1} is a sign depending on b; if qp(1) >0, then
s(b) = NmF/Q TrL/F(L(b))'

Remark 3.15: [t is natural to expect ¢(b) to be closely related to the sign of
the intersection of the geodesics Cy and b - Cy, as defined in [Ric21, §1], but we

were unable to find a satisfying proof.
We need the following well-known lemma:

Lemma 3.16: For any z,y € R and ¢_(z,y) = (z + y)e "= +¥*)  we have

o0 _ dt sgn(x)e=2my  if xy >0
1 g !
/0 Poo(t 2, ty) y {0 otherwise. (34)

For lack of a good reference, we give a quick proof:

Proof: Let I(z,y) denote the integral in Equation (3.4). The change of variables
t=+/r-|z/y| gives

I(x7y) = /OO Poo (Sgn(l')\/ |£Ey’1"7%,sgn(y)1/|q;y|r%)%
0
_ Vlzyl [
=T /0 (

1 (3.5)
Sgn(f)r_% + Sgn(y)r%) o~z (r+2) 4T
r

The modified Bessel function of the second kind, Bu(z), has the integral repre-

sentation

1 0 1 dr
B (2) = = —5(rp)pr — :
@ =g i (36)

seen by setting r = exp(—t) in [Wat66, 6.22 (7)]. This gives
I(z,y) = V/|y| - (sgn(z) B_1(27|zy|) + sgn(y) By (2nlay|)).  (3.7)

Since B_,(2) = B, (), we see that I(z,y) = 0 if sgn(z) = —sgn(y). Otherwise,

applying the identity By (2) = y/5z€ 7 from [Wat66, Equation 3.8.13], we find
I(z,y) = sgn(zx)e ?™12¥ = sgn(x)e~ 27, (3.8)

proving the claim. O

17



Proof of Proposition 3.1/: Unpacking definitions, we find that

Do = / S w(g,) eru(®)

s\Dg beO

(3.9)
= / ZW(QTG)SOKM@)
n(efxef)\DE beO
By splitting the sum into cosets for 2\ @/eZ, we can unfold the integral:
e —/ 97)@1(1\/1(17)
D beef\O /e
(3.10)

= 2 L elo)entes 015,

beeh\O/eh o:F—=R g
where we recall that ¢, is the isometry L, — R! from Lemma 3.8.

Denote by I(b) the factor corresponding to o. The formulas for the Weil

representation give
w(gr, ) @o(ts" - b) = 9 Blmagp (121 \fyb), (3.11)

SO
27 — dtU
e 9 (b (pa(t Vyab)_’ (312)
D¥ ta
Now we use that ¢, =3¢, so

LO= [ pult (VDT (3.13)

R

>0

To apply Lemma 3.16, first let (b;,by) denote the image of bin L, = F, x F, as

If (z,y) = LU(\/y_ab), then sgn(x) = sgn(b;), while sgn(y) = sgn(o(«))sgn(b,).
Note that if sgn(o(a)) =1 and ¢,(b) > 0, then sgn(b;) equals sgn(TrLo/Fo b).

Let <,(b) :=sgn(b,), and (b) :=[[_ . o<, (b).

Clearly x -y = q,(b), so Equation (3.4) gives
I(b) = e2mig, (b)z, o —27q, (b)Y, . 1, (550 - s, (b)
N (3.14)
= &m0 1 420 S (D)
Thus

I(r) = Z H I(b) = Z e2miTr(qp(b)-1) . 1y, (b)0 -5(b),(3.15)

bee\O/eh o: F—=R beek\O /4
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as claimed. 0O

Taking the diagonal restriction and comparing Fourier coefficients, we find:

Corollary 3.17: We have

(Cop TnCo) = > s(b). (3.16)
beef\O /4
qr(b)>0
TrF/Q qr(b)=n

When 0,4 is maximal, this reduces to Corollary 1.3.
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